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I. INTRODUCTION 
In this and subsequent papers we shall be concerned with neutrons dilTu- 
sing in an infinite homogeneous slab of material. In particular we shall be 
concerned with the expected distribution of neutrons emerging from the 
faces of the slab for one source neutron introduced somewhere in the slab, 
usually at a face. We are interested in this distribution with respect to angle 
and energy, but, most especially, with respect to the number of collisions in 
a neutron’s “history”; i.e. we are interested in such questions as, “For one 
neutron entering a face of the slab, what is the expected number of neutrons 
emerging from the same face after 1z collisions ?” If no multiplicative processes 
are involved, the question can be rephrased as, “What is the probability that a 
neutron entering a face of the slab returns from the same face after under- 
going exactly n collisions ?” 
Such questions arise in many practical situations. For example, in the 
design of a reactor we may have neutrons entering a moderating blanket 
from a fuel element and wish to know the average number of collisions 
suffered by such neutrons before their return to the fuel. 
Standard Boltzmann transport theory would not seem to be a particularly 
fruitful approach to such problems since the quantities with which we are 
usually concerned in the Boltzmann theory (neutron density, angular flux, 
current, etc.) do not exhibit explicitly any aspect of the neutron’s past history 
except the direction from its present position to its last collision. However, 
the techniques of “invariant imbedding,” as described and exploited by 
Bellman, Kalaba, and Wing are ideally suited to this sort of problem, and it 
is our purpose in this paper to examine some of the details of their application. 
Our approach involves a completely different set of fundamental functions 
than those employed by Bellman, Kalaba, and Wing, and seems to have a 
considerable advantage over theirs in terms of simplicity. 
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II. THE PHYSICAL MODEL 
As indicated earlier we shall assume that the neutrons in question are 
diffusing in a homogeneous slab of material which is unbounded except in 
the x direction which is taken normal to the faces of the slab. For our pur- 
poses, then, a neutron will be characterized by one spatial coordinate, x, 
its energy, E, and TV, the cosine of the angle between its line of flight and the 
positive x axis. As a neutron travels an infinitesimal distance, dl, we distin- 
guish three physical processes with probabilities as follows: 
uf(h’)dZ = probability of a collision with a nucleus of the slab 
resulting in the fission of the nucleus, 
u,(E)dZ = probability of a collision with a nucleus of the slab 
resulting in the capture of the neutron, 
u,(E)dZ = probability of a collision with a nucleus of the slab 
resulting in the scattering (either elastically or 
inelastically) of the neutron. 
The probability of an interaction of any kind between the neutron and a 
nucleus of the slab will be taken to be a(E)dZ where u = ur + uc + us. We 
shall neglect the possibility of neutron-neutron interaction as being an effect 
much smaller than those we have listed. 
If v(E) is the expected number of neutrons resulting from the fission of a 
nucleus of the slab induced by a collision with a neutron of energy E, then 
VUf + u.9 BP) = u 
represents the expected number of neutrons resulting from one collision of a 
neutron of energy E with a nucleus. We can also define /?(E’, pf --t E, p) dEdp 
as the expected number of neutrons with energies between E and E + dE 
and direction cosines between TV and TV + dp resulting from one collision of a 
nucleus and a neutron with energy E’ and direction cosine p’. Clearly, 
where, in spite of appearances, the integral on the right is independent of CL’. 
If all processes are isotropic, then 
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III. INVARIANT IMBEDDING; 
THE EQUATIONS OF BELLMAN, KALABA, AND WING 
The usual approach to problems of neutron transport is to define a density 
function N(x, E, CL, t) such that N(x, E, p, t)dxdEdp represents the number 
of neutrons at time t in a square centimeter of the slab from x to x + dx, 
with energies between E and E + dE and whose direction cosines are between 
p and p + dp. The Boltzmann integro-differential equation for N normally 
involves boundary conditions at the two faces of the slab, i.e., we are faced 
with a two-point boundary value problem-a fact that can lead to formi- 
dable difficulties in any numerical approach to the computation of the 
function N. 
If instead of considering a slab of fixed width, we think of our problem 
as imbedded in a class of problems for slabs of width x where x varies from 0 
upwards, and ask what we can say about the variation of certain quantities 
with x, we can frequently replace our two-point boundary value problem by 
an initial value problem-a tactic that has tremendous potential computa- 
tional advantages. Moreover, if we properly choose the quantities to evaluate, 
we can sometimes gain insights that are hidden from us in the standard 
approach. This technique was given the name “Invariant Imbedding” and 
developed extensively by Bellman, Kalaba, and Wing (referred to hereafter 
as B.K.W.) in a series of papers [l-4] although, as they state, many of the 
fundamental ideas are due to Ambarzumian and Chandrasekhar [5]. 
As in [l], we shall here restrict ourselves to the case of monoenergetic 
neutrons diffusing in a homogeneous rod, i.e., E is constant and p = + 1 or 
- 1. The functions studied by B.K.W. were: 
P,(X) = the probability that exactly n neutrons emerge over all 
time from the left end of a homogeneous rod of length x 
as a result of one neutron entering at the left end at 
time zero. 
and 
qn(x) = the probability that exactly n neutrons emerge over all 
time from the right end of a homogeneous rod of 
length x as a result of one neutron entering at the left 
end at time zero. 
For these functions, they derived the following system of differential 
equations under the assumption that fission always results in two neutrons, 
one moving to the right and one to the left, and that the cross section for 
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scattering can be divided into a cross section for forward scattering oa, and 
one for backward scattering Ub: 
+ (n + I)ob$n+&)$&) -I- (n + 1) %$'~‘+d~) + ufJ%&) + Obhn 
PO(O) = 19 P,(O) = 07 n2 1, 
and 
+ Obn$ &?kh) Pn+l-k(X) + b + 1) ‘+qn+&) 
k=O 
qd0) = 17 4.m = 0, n # 1. 
where h = at + q, + CQ and 6,, is the Kronecker symbol. 
These equations, even with the above simplifying assumptions, are fairly 
complicated. However, they have the overwhelming virtue of involving 
only initial values and B.K.W. report that the numerical solution of a system 
of 40 simultaneous differential equations for the first 40 functions p,(x) was 
carried out on the Johnniac digital computer for the case ut = 1, us = uC = 0 
without straining the capacity of the computer in the slighest. 
IV. EQUATIONS INVOLVING NEUTRON HISTORY 
Like the functions involved in the standard Boltzmann transport theory, 
the functions p,(x) and q%(x) of B.K.W. are poorly sutied for describing the 
history of the neutrons emerging from the ends of the rod. For this purpose 
we shall define the following quantities, where in each case we are considering 
a homogeneous rod of length x and a neutron entering at the left: 
K,(x) = the expected number of neutrons escaping from the 
left end after n collisions 
T,(x) = the expected number of neutrons escaping from the 
right end after n collisions. 
Note that the number of collisions represents the total number of collisions 
in the “family tree” of an escaping neutron and not simply the number of 
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collisions after the neutron is “born” in a fission process. Further note that 
if of = 0, then R,(x) and T,(X) can be interpreted as simply the probabilities 
that a neutron entering at the left emerges from the left and right ends 
respectively after undergoing n collisions. In this paper we shall assume that 
all of the processes are independent of neutron energy, or, alternatively, 
that the neutrons are monoenergetic. Moreover, we need only distinguish 
two values of /3: 
and 
p. = (fi + 1 + + 1) = /3(- 1 - - 1) 
/I1 = p( + 1 -+ - 1) = /3- 1 -+ + 1). 
That is, &, is the expected number of neutrons emerging in the forward 
direction and fll is the expected number of neutrons emerging in the backwarc 
direction as the result of a collision of a neutron and a nucleus. 
We now proceed to obtain the system of differential equations gover :.:, 
R,(x) and T,(x) as functions of x. To this end, we note that 
That is, if we consider a rod of length x + dx, 
b I--l X x + Ax 
and a neutron entering from the left at 0, then the expected number of 
neutrons returning to the left after exactly n collisions can be expressed as the 
expected number returning after n collisions from that portion of the rod 
from 0 to x plus a sum of terms representing the expected number of neutrons 
entering that portion of the rod from x to x + Ax after suffering exactly j 
collisions between 0 and x, multiplied by the probability that a given neutron 
undergoes a collision in the length Ax times the expected number of neutrons 
emerging in the backward direction as a result of the collision, times the 
expected number of neutrons emerging at 0 after n - I - j collisions between 
x and 0 per neutron starting at x traveling to the left. All other processes are 
described by terms involving at least (Ax)2 and, hence, can be lumped in 
the term 0 (Ax2) at the end of the equation. We should emphasize here that 
we are making essential use of the physical symmetry in our assertion that 
Tn-l-i(x), which was defined as the expected number of neutrons emerging 
from the right end after n - 1 - j collisions for one neutron introduced at 
the left, can equally well represent the expected number of neutrons emerging 
from the left end after n - 1 - j collisions for one neutron introduced at the 
right. 
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T-,(x + Ax) = T,,(x) (1 - adx) + O(Ax”) 
T,(x + Ax) = TJx) (1 - odx) + T,-,(x) * aAx * /3,, 
+ ~Axfl, 2’ Tn.-l-i(x) R,(x) + O(Ax2), 
j=l 
n = 1, 2, **a; 
so that if we define R,(x) = fro//3, we can write 
T;(x) + uTo(x) = 0 (24 
n-1 
C(x) + UT,(X) = 41 x ~72-1&) 4(x), n = 1, 2, *‘a. (2b) 
3=0 
The initial conditions on the R,(x) and T,(x) are clearly, 
&(O) = 0, 12 = 1, 2, --*. (3) 
To(O) = 1, T,(O) = 0, n = 1, 2, a.*. (4) 
The system of equations (l)-(4) is particularly simple and can be solved 
sequentially starting with 
T,(x) = e-Ox. 
Each R,(x) is obtained as a simple integration of known functions while each 
succeeding T,(x) is the solution of a first order linear differential equation 
whose right hand side is built up from functions previously determined. We 
list below the functions R,(x), Tr(x), I&(x), and T,(x). The formulas obviously 
become rapidly more complicated as rz increases beyond 2. 
R,(x) = /3r(l - ee2”“)/2 
T,(x) = u/30xe-0z 
R,(x) = ~,~r(l - e-zaz - 2uxe-aas)/ 
T,(x) = (/3iu2x2e--a2)/2 + ( /?$7xe-uz)/2 - (pte-uz)/4 + (@e-302)/4. 
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V. EXPECTED NUMBER OF Jth COLLISIONS AND THEIR DISTRIBUTIONS 
If Nj( ) d fi d x is e ne as the expected number of neutrons involved in a jth 
collision in a rod of length x as the result of one neutron introduced at the 
end of the rod, then we can immediately write down the recurrence relation. 
N,+&) = (PO + A> N,(x) - T,(x) - M4, j = 1, 2, a**. (5) 
With our previous definition of R,(X) = &/fli, the above relation continues 
to hold forj = 0 provided we define N,(x) = l/&. 
We can also obtain the differential equation satisfied by the function N$(x), 
since 
or 
N,(x + Ax) = N,(x) + u#l,Llx~ Ti(X) Nj+i(x) + O(dx”) 
i=O 
N;(x) = up1 g Ti(X) Nj+&), j = 1,2, .*a 
i=O 
with initial condition N,(O) = 0,j = 1,2, *em. For j = 1 and 2, these equations 
yield 
N,(x) = 1 - e-O” 
N2(x) = /I,(1 - e-Ox - axe+“) + /3r(l - e-uz)2/2. 
As j increases the functions ZV$(x) tell us how the total number of collisions 
in the rod changes with time. But of perhaps even greater interest than the 
total number of jth collisions in the rod is their spatial distribution. This too 
can be obtained using the same techniques. For if we define Nj(x, r) to be the 
expected number of jth collisions between 0 and y in a rod of length x >= y, 
with N,(x, y) = l/pi, then 
Nj(x + dx~ Y) 
= N&y) + UAdX~ Ti(X)[Nj-,-i(X) - Iv-&x, x - y)] + O(dx2) 
i=o 
or 
& Nj(x7 Y) = uB1 2 Ti(x)[Nj-l-i(X) - IV;-l-i(Xy S - y)] 
i-0 
= N,(x) - ++ 2 Ti(X) Nj+i(x, x - y), j = 1,2, .a* 
i-0 
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with initial conditions N,&, y) = N,(y), j = 1, 2, .... Again for j = 1, 2 we 
have 
N,(‘T, y) = 1 - e-0” 
N2(x, y) = /$,(I - e-O” - aye-“y) + /$(l - e+y - e-O@:-Y) + e-“““)/2. 
VI. NUMERICAL RESULTS 
Equations (1) and (2) with fl,, = /3r = u = 1 were integrated numerically 
for n between 0 and 19 and x ranging from 0 through 2.00. Graphs of the 
functions R,(x), n = 1, 2, aa., 5, 10, 15 and TJx), n = 0, 1, .a., 5, 10, 15 are 
reproduced in Figs. 1 and 2. These calculations lead to some interesting 



















In the first place, as we shall see in the next section, the critical length of 
rod for the conditions /3s = fir = 0 = 1 is 42, i.e. this is the smallest length 
for which the expected number of neutrons produced over all time from one 
neutron incident on the end is infinite. Now from Fig. 1 it would appear that 
in the interval 0 < x < 42, R,(x) > &(x) whenever m < n. Moreover, if 
6 n2.n is the solution of the equation R&CC) = R,(x), then 
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On the other hand, we might conjecture from Fig. 2 that for x > 42, 
T,(X) < T,(x) whenever m < n, and again that if vm,n is the solution of the 
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FIG. 2 
Perhaps even more interesting is the fact that in the range of x here con- 
sidered R,(x) is approximately equal to T,(x) for n 2 2 and we would con- 
jecture that 
lim [R,(x) - T,(x)]/&(x) = 0. 
n*cc 
Of course, the convergence can not be uniform since for a fixed n, R,(x) 
approaches a large positive limit as x becomes infinite, whereas T,(X) must 
approach zero. On physical grounds, the conjecture is reasonable since it is 
equivalent to asserting that the nth collisions occur almost symmetrically 
throughout the rod. It does seem somewhat surprising, however, that such 
good agreement between R,(x) and Z’,(X) should already be established for 
n = 2. 
A graph of the function (8/@)Ns(l, y) which g ives the spatial distribution 
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of second collisions in a rod of length 1 is given in Fig. 3. As can be seen, 
the curve is almost symmetric about 0.5 with a somewhat lower collision 
density on the right end. This is reflected in a slightly lower value of Ta(1.0) 
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For x equal to the critical length xc, we should have N,+i(xJ A N,(Q) > 0 
when j is sufficiently large. Alternatively, we should have T,(x,) + R,(Q) G 
T,+&d + &+,W f or sufficiently large j. In the present case xc = n/2 
and the above two equations are satisfied to three decimal places for j = 2. 
This suggests that in more complicated situations where the analysis of 
Section VII becomes too difficult, the analogues of the above equations might 
provide a simple method for calculating critical dimensions. 
VII. EXPECTED NUMBER OF RETURNING AND TRANSMITTED NEUTRONS 
For the rod of length X, denote by A(x) the expected number of returning 
neutrons and by Z(X) the expected number of transmitted neutrons per neu- 
tron incident on the left end. Then 
and Z(x) = 2 T,(x). 
?L=” 
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If, following B.K.W., we consider the generating functions 
u(x, t) = 2 R,(x)t” 
n=O 
and TJ(x, t) = 2 T,(x)t”, 
TL=O 
then we see that A(x) and Z(x) can be determined from the relationships 
4% 1) - PO/A = 44 and w(x, 1) = Z(x). 
Differentiating U(X, t) with respect to x and utilizing Eq. (1) for R:(x), we 
have 
z&c, t) = 2 Rot” = up, 2 [E T,(x) T,-l-i(X)] tn 
n=l n=l j=o 
or 
z&.(x, t) = up@(X, t). (5) 
Similarly, 
w,(x, t) = 2 T;(X)P 
?l=O 
or 
C.&v, t) = - uw(x, t) + ag,qx, q +, t). (6) 
Setting t = 1 in Eq. (5) and (6) and defining k = (1 - PO)/& we obtain a 
pair of nonlinear differential equations for A(x) and Z(x): 
A’(x) = uplzyx) (7) 
Z’(x) = u/?,[A(x) - k]Z(x) (8) 
with initial conditions A(O) = 0 and Z(0) = 1 which come from Eqs. (3) 
and (4). 
These equations can be solved as follows: differentiate Eq. (7) and sub- 
stitute for Z’(x) from Eq. (8) and again for P(x) from Eq. (7). Then 
A”(X) = 2uj3,Z(x) z’(x) 
= 2a~@4(x) - k] 22(x) 
= 2oj3,[A(x) - k] A’(x). 
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This equation can be integrated once directly to yield: 
A’(x) = c&(A(x) - k]2 + +$(l - k”) 
(9) 
= u&[A2(x) - 2kA(x) + I], 
where the constant of integration has been evaluated from the condition 
A’(0) = u~~~Z~(O) = u&. The solution of Eq. (9) obtained by separating the 
variables can be written as: 
A(x) = 
tan (u&c dm 
k tan (U&K vTJF) + 41 - K” 
!A]<1 
A(x) = 
tanh (u/Iix d-&T) 
k tanh (C&X dm) + %‘m~ lkl >I 
(10) 
a result that was obtained by B.K.W. starting from their fundamental func- 
tions. They also observed that the critical length of rod could be determined 
as the smallest value of x for which A(x) becomes infinite. If the phenomenon 
of criticality does occur the expressions (10) for A(x) are, of course, meaning- 
less for values of x greater than the critical length. 
The quantity Z(x) can be obtained from Eq. (7) as: 
Z(x) = 
dl - k” set (U/$X dC32) 
k tan (CT@ 2/l - k2) + 41 - k2 
1 
z(x) = 1 + uj3ix 
Z(x) = dk2 - 1 sech (u&x dm) 




The functions on the right-hand side of Eqs. (10) and (11) can also be 
obtained from the classical deterministic treatment where they appear as 
the expressions for ithe loutgoing neutron density at /either end of the rod. 
cf. [l]. 
From Eq. (5) in Section V, we can obtain an expression for the expected 
total number of collisions N(x) which in turn is a measure of the expected 
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total amount of energy produced in a rod of length x as a result of one neutron 
incident on an end. Summing both sides of (5) for j = 0, 1, 2, ... we have 
or 
Vx) = [A(x) + Z(x) - lli(Bo + A - 1). 
VIII. THE EXPECTED NUMBER OF COLLISIONS 
Define C,(X) to be the expected number of collisions undergone by the 
neutrons returning to the left and C,(X) to be the expected number of col- 
lisions undergone by the transmitted neutrons escaping at the right. Then 
and 
cT(x) = Z(x) n=l J- 2 nlr,(x) = &w&G, 1). 2X 
If we let Y(X) = C,(x)A(x) = +(x, 1) and W(X) = C&(x)2(x) = WAX, 1) 
then differentiating Eqs. (5) and (6) with respect to t and setting t = 1, we 
obtain the following system of linear differential equations for Y(X) and W(X): 
Y’(X) = A’(x) + 20/?, Z(x) w(x) (12) 
w’(x) = - 44 + 4M44 + AdA) W(x) + w(x)) + -w 441, (13) 
with initial conditions: r(0) = w(0) = 0. 
This system can be solved in a manner similar to that employed in solving 
Eqs. (7) and (8). 
Y”(X) = A”(X) + 20/3r w(x) z’(x) + 2a/3i w’(x) Z(x) 
= A”(X) + 2ua&4(x) - k) w(x) Z(x) - 202& w(x) Z(x) 
+ 2+3~[(44 + PJB,) p(x) + w(x) Z(x)) + qx) +)I 
= A”(X) + 24[Y’(X) - A’(x)] [A(x) - K] 
+ 2431 A’(4 Lw + Bo!B1 + +)I* 
This can be rewritten as 
Y”(X) - A”(x) = 2u&[(A(x) - k) Y’(X) + A’(x) Y(,x)] + 2uA’(x) 
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or, since r(0) = 0 and r’(O) = a&, 
Y’(X) - A’(x) = 2aj3,[_4(.r) - k] Y(X) + 2oA(x). 
Substituting for A’(x) from Eq. (9) and remembering that ,8,K = 1 
finally obtain the following expression for Y(X): 
(14) 
- & we 
(15) 
where 
P(x) = exp [20pi 1,” A(@6 - 2a(l - &J-c] . 
If k = 1 (i.e. /3, + PO = I), th en A(x) = u&~/(1 + uB,x) and Z(x) - 
l/(1 + u/?~s). Equations (15) and (12) then give 
W(X) = ox - 
0x2(1 + 2u,B,x/3) - x 
1 + 4.~ 
from which 
C,(x) = ux( 1 + u&x) - u.x2( 1 + 2u/3&3) - X. 
If k = 0 (i.e. fiO = 1) then A(x) = t an u&x and Z(x) = set a/$x. We now 
have 
C,(x) = L tan U&X + 
CJ&X sec2 u&x 
A tan u/I~x 
cT(x) = (dlx + l/k) tan ut%x 
A comparison of the analytic expressions for A(x) and C,(x) with the 
numerical results described in Section V is given in Table I. 
The results are interesting in that they show the “depth” to which one 
would have to follow neutrons in a monte-carlo type calculation in order to 
obtain reasonable approximations to the “albedo” and the expected number 
of collisions. Moreover, they show how little significance can be attached to a 
statement such as, “The average returning neutron has undergone c colli- 
sions,” since, for example, when x = 1 .O, over 60 y0 of the returning neutrons 
have had 3 or fewer collisions whereas the expected number of collisions is 
3.757. 
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TABLE I 
x = 1.0 x= 1.5 
A(1.0) = 1.557, cR(1.0) = 3.757 A(1.5) = 14.101, cR(1.5) = 35.359 
1 0.432 1 .ooo 1 0.475 1.000 
2 0.729 1.408 2 0.876 1.457 
3 0.946 1.772 3 1.251 1.921 
4 1.106 2.093 4 1.613 2.387 
5 1.224 2.373 5 1.964 2.854 
10 1.484 3.259 10 3.575 5.147 
15 1.541 3.600 15 4.972 7.339 
IX. INTERIOR SOURCE 
If we assume that we have at our disposal the functions R,(x), Tn(x), A(x), 
Z(x), CR(x), and CT(x), then in terms of them we can obtain the corres- 
ponding functions for the case in which the source neutron is located not at 
the left end of the rod, but at a point interior to the rod. To this end, let us 
consider a rod extending from 0 to x and a source neutron moving to the 
right at y 5 x. 
;- I I-I 
Y X x + Ax 
As before, define the functions R,,,(x) and T,&x) to be the expected numbers 
of neutrons escaping after n collisions from the left and right ends of the rod 
respectively. Considerations completely analogous to those of Section IV lead 
to the following system of differential equations. 
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with initial conditions, 
R,,,(y) = 0, 71 = 1, 2, e.0 (18) 
To,?/(Y) = 17 T&y) = 0, n = 1, 2, a**. (19) 
These equations have the same simple structure as the earlier set, but 
for values of n greater than 2 or 3 the explicit representation of the functions 
R,,,(x) and Tn,@) becomes rather cumbersome. 
Denoting by L&(X) and Z,(x) the expected numbers of neutrons escaping 
from the left and right ends of the rod respectively per source travelling to 
the right at y 5 X, then 
and 
The generating functions 
24,(x, t) = 2 R,,,g(x)t” 
n=1 
and 
together with Eqs. (16) and (17), lead to the following pair of differential 
equations for A,(x) and Z,(X): 
44 = 4 -u4 Z,(x) (20) 
zxx> = +uAo(x) - 4 z&a (21) 
with initial conditions A,(y) = 0, Z,(y) = 1. Note that A,(x) and Z,(x) are 
simply the functions A(x) and Z(x) of Section V. 
Equations (20) and (21) can be integrated immediately to yield 
= 4% Z,(Y) 11 exp [24& ,I (A,(T) - k)&] d5 (23) 
For the two special cases when k = 1 and k = 0 an easy calculation shows 
that in the first case, 
k = 1: 
A&) 1 1 + 4Y 1 + UBlY = - = 
1 + u/gx 
9 Z&> 
1 + u&x 
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whereas in the second 
k =0: 
A,(x) = u/Ii cos +iy (tan &X - tan u/iiy) 
The last result agrees with that obtained by B.K.W. (cf. [I, p. 1601). 
If the expected numbers of collisions of the neutrons escaping from the 
left and right ends of the rod are denoted by C,,,(x) and C,,,(X) respectively 
and if we define the functions 
r,(X) = A,(x) CR,r(X) 
WV(~) = z&) cT,v(x), 
then applying the same generating function techniques as before we can 
obtain the following differential equations for r,(x) and w,(x): 
(24) 
(25) 
where, again Y&X) and wO(x) are the functions Y(X) and W(X) of Section VII. 
These equations can easily be reduced to quadrature and we will omit the 
details of their solution. 
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